We argue that there is an intrinsic noise on measurements of the equation of state parameter w = p/ρ from large-scale structure around us. The presence of the large-scale structure leads to an ambiguity in the definition of the background universe and thus there is a maximal precision with which we can determine the equation of state of dark energy. To study the uncertainty due to local structure, we model density perturbations stemming from a standard inflationary power spectrum by means of the exact Lemaître-Tolman-Bondi solution of Einstein's equation, and show that the usual distribution of matter inhomogeneities in a ΛCDM cosmology causes a variation of w -as inferred from distance measures -of several percent. As we observe only one universe, or equivalently because of the cosmic variance, this uncertainty is systematic in nature.
Introduction
A key quantity to characterize the nature of the dark energy is its equation of state parameter w = p/ρ. Current and future cosmological observations try to measure w ever more accurately, and the power of dark-energy missions is judged by the minimal error that they can achieve on the dark-energy equation of state parameter w = p/ρ. This is for example the basis of the Dark Energy Task Force (DETF) [1] Figure of Merit (FoM), which is given by the determinant of the Fisher matrix for the parameters w 0 and w a in a linear parameterization of the equation of state, w(a) = w 0 + (1 − a)w a . An important question in the context of dark-energy research is then whether there is a natural limit for the precision with which w can be measured, or whether one can in principle determine w(a) to an arbitrary precision.
In this paper we argue that the matter fluctuations that are always present in the universe provide such a limit, and we determine the unavoidable variation of w(a) as expected in the ΛCDM concordance model (for which in principle w = −1). Those variations appear because we always measure any observable quantity in the true perturbed universe, even if we consider "background" quantities like the luminosity distance (see e.g. [2] and references therein), and they remain significant even when averaging over angles [3] . This is a direct manifestation of the "fitting problem" [4] , i.e. the attempt to fit a homogenous and isotropic FLRW model to a lumpy universe [5, 6, 7, 8] rather than directly modeling the inhomogeneities [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] . If, on one hand, fluctuations in e.g. the luminosity distance allow us in principle to obtain additional cosmological information (see e.g. [22, 23, 24, 25, 26, 27, 28] ), on the other hand they result in an intrinsic noise in the determination of cosmological parameters. Indeed, although the perturbations in the metric are small, only about 10 −5 , they can be amplified when going to quantities that involve derivatives like w(a), as demonstrated in e.g. [29] .
The key ingredient that is new in this analysis, is a quantification of the level of ignorance about the position of us as the observer. Our local gravitational potential relative to cosmological scales is unknown to us. We do know which level of variance the ΛCDM paradigm predicts for our potential. It is this variance that consequently implies a systematic error in the determination of the homogeneous universe's w(a), the equation of state of Dark Energy.
The ignorance could be alleviated if observations were able to constrain the density field around the observer. However, currently this is far from possible. Current observations are, even in the most ambitious analysis including all possible distance measures as well as Compton-y distortion, the kinematic Sunyaev-Zel'dovich effect and ages of galaxies versus redshift, not capable of constraining the matter distribution in our local patch of the universe down to the level of density perturbations expected in the standard inflationary scenario [30] .
The outline of this paper is as follows: first we define the probability of inhomogeneities. Then we explain how we model said inhomogeneities. Next we show the noise caused by this structure on the evolution of the dark-energy equation of state inferred by an observer who ignores the inhomogeneity. Finally we obtain the error in the cosmological parameters measured by an observer who fits the luminosity distance under various assumptions.
Probability of a local structure
The root mean square of the density perturbation in a sphere of radius L around any point today in a Gaussian density field is [31] 
where P (k) is the matter power spectrum today as a function of wavenumber k, and j 1 is the spherical Bessel function of the first kind. Given some inhomogeneity with a mass M (L) inside a radius L, one can define the average density perturbation δ 0 ≡ M (L)/M (L) − 1 relative to the homogeneous background which predicts a massM (L) inside the same radius L. Then the probability of having such a structure is [30] ,
Since the study of Dark Energy entails mainly a search for a redshift dependent effect, it is a search for a radially dependent effect in a spherical coordinate system with the observer at the origin. The observer hence averages over all angles, which is equivalent to expanding the full matter field in spherical harmonics, and throwing away all other information than the radially dependent monopole. This should be a reasonable approximation as long as distance measurements are averaged over angles in analyses of the dark energy equation of state. Hence we model the inhomogeneity spherically symmetric and the mass is given by M (r) ≡ 4π r 0 dr √ −gρ m (r) with g the determinant of the metric.
Model for local inhomogeneity
To model the inhomogeneity averaged over angular directions, we adopt the spherically symmetric Lemaître-Tolman-Bondi solution [32, 33, 34] including a cosmological constant Λ (ΛLTB, see e.g. [11, 35, 36, 15] ), for which we can compute all distance measures exactly. The use of the exact LTB model allows us to deal with nonlinear inhomogeneities, which will be encountered at small radii or low redshifts (their contrast is of the order of σ L ). Structures of larger radii could have been equally well modeled using linear theory.
The ΛLTB metric in the comoving and synchronous gauge can be written as (using units for which c = 1)
where the longitudinal (a ) and perpendicular (a ⊥ ) scale factors are related by a = (a ⊥ r) , and a prime denotes partial derivation with respect to the coordinate radius r. In the limit k → const., and a ⊥ = a we recover the FLRW metric, but in a LTB metric the curvature k(r) is a free function and in general is not constant. The two scale factors define two different Hubble rates:
The analogue of the Friedmann equation in this space-time can be written in a familiar form,
where we adopted the gauge fixing a ⊥0 = 1. However, the density parameters are now also functions of r,
so as to satisfy Ω m (r) + Ω k (r) + Ω Λ (r) = 1. The free function m(r) is related to the local matter density 8πG ρ m (t, r) = (mr 3 ) /a a 2 ⊥ r 2 . Finally, time t and radius r as a function of redshift z are determined on the past light cone of the central observer by the differential equations for radial null geodesics,
with the initial conditions t(0) = t 0 and r(0) = 0. The area (d A ) and luminosity (d L ) distances are given by
Density profile
The age of the universe is a function of (t, r) and is obtained by integrating the Friedmann equation (5) from the big-bang time t bb (r) to time t:
Eq. (9) relates the three free functions t bb (r), k(r) and m(r), so that density of the dust field in the ΛLTB model is specified by two free functional degrees of freedom, where we choose k(r) and t bb (r). Any radial dependence of t bb (r) is directly related to a decaying mode in the matter density field [37, 38] . By choosing t bb (r) = 0 decaying modes are absent, in agreement with the standard scenario of inflation.
We parameterize the curvature function with the monotonic profile
where r b is the comoving radius of the spherical inhomogeneity and P 3 is the function
for n = 3. The function P n (x) interpolates from 1 to 0 when x varies from 0 to 1 while remaining n times differentiable, which implies that that k(r) is C n everywhere. We choose n = 3, such that the metric is C 2 and the Riemann curvature is C 0 . For r ≥ r b the curvature profile equals the curvature k b of the background such that for r ≥ r b the metric reduces exactly to the ΛCDM model. The central under-or over-density, determined by the curvature k c at the center, is automatically compensated by a surrounding over-or under-dense shell. We adopt the conservative approach of using a compensated density profile so as not to alter the background metric of the universe, which otherwise would be FLRW only asymptotically. The radius L of the inhomogeneity that is used in Eq. (2) is the radius at which the central over-or under-density has the transition to the surrounding compensating under-or over-dense shell, that is the radius at which the contrast goes through zero. The radius L is hence smaller than the radius r b which defines the radius of the total LTB patch, including both the central perturbation and its compensating shell. The definition of L we have adopted unambiguously and naturally defines the central structure, because it includes all the overdense (underdense) central density perturbation, and excludes all the compensating structure.
In summary, the local structure is parametrized by the radius of the boundary r b and the central curvature k c . For any choice of these parameters, and for a ΛCDM cosmology (given by the background matter density, the curvature parameter k b , the present-day background Hubble rate and a specific P (k)), we can compute the probability of the existence of such a structure using Eq. (2) and compute the luminosity distance from an object to the central observer as a function of redshift using Eqs. (7, 8) . Note that for Eq. (2) we could have used the smooth density profile from Eq. (10), but the difference on the analysis turns out to be negligible.
FLRW Observer's w(z)
Following [29] one can -given a luminosity distance-redshift relation in a homogeneous universe described by the FLRW metric -compute what the underlying w(z) of the dark-energy fluid is. There is an exact relation between w(z) and the first and second derivatives of the luminosity distance with respect to redshift and two more parameters, Ω k and Ω m . Therefore, the observer can derive w(z) if he/she knows the latter two parameters from other observations, and deduces the derivatives of the luminosity distance from SN observations. In the scenario studied here, w = −1. However, the inhomogeneities come into play and modify the luminosity distance-redshift relation. Consequently, an observer that erroneously assumes that the metric surrounding him/her is FLRW will in fact see a redshift-dependent w [39, 18, 40, 19] .
In order to study this fundamental variation of the reconstructed w(z), we first set the fiducial flat ΛCDM model to the WMAP7+LRG best-fit cosmology [41] . We then sample the {r b , k c } parameter space by building a Markov chain using Eq. (2) as likelihood, but restricted to a certain range in redshifts 0.1(i − 1) < z b ≤ 0.1i for i = 1..12, 1 where z b = z(r b ) is the apparent redshift at which an observer sees the radius r b (see Eq. (7)). Next we compute from Eq. (8) the corresponding luminosity distances in the various realizations. We finally derive using Eq. (3) of [29] the (apparent) w(z) that an FLRW observer would infer. In this procedure we let the FLRW observer fix Ω m to the fiducial value as it cannot be determined from cosmological observations alone when allowing for an arbitrary equation of state of the dark energy [42] . The curvature could in principle be constrained by combining measurements of the distances with measurements of the expansion rate H(z), but for simplicity we also fix Ω k to the fiducial (zero) value. This simplifies Eq. (3) of [29] to: The result of this analysis gives the variance in w(z) at the nodes z j = 0.05+ 0.1j for j = 1..12 induced by structures falling in the redshift bin 0.1(i − 1) < z b ≤ 0.1i, which is shown in Fig. 1 . In Fig. 2 we show examples of typical w(z) evolutions as seen by the FLRW observer, affected each by one structure of an arbitrary size. It is interesting to see that structures also affect w(z) at redshifts larger than the size of the structure, because even though at larger redshifts the metric is exactly FLRW, the function z(r) (Eq. (7)) does not coincide with its FLRW (background) value owing to the structure at the observer. This effect is more pronounced for the first bin, because there the contrast is largest.
Fitting the luminosity distance
However, usually one does not derive a fully general w(z) but fits a parameterized model to the distance data. Typical examples are a constant w or the linear model used for the DETF FoM mentioned in the introduction, w(a) = w 0 + (1 − a)w a . As the impact of the local structure is strongest at low redshift, the variance of the fitted parameters will depend on the way the weight of distance data depends on redshift. Even a hypothetical perfect SN experiment will have a non-flat redshift distribution of SNe, as the volume per redshift goes down at low reshift, and as the observability of SNe goes down at high redshifts. Therefore, even though assuming infinitely many SNe, we can choose a specific redshift distribution modeled to resemble the expected supernova distribution of the Dark Energy Survey (DES). Specifically, we weight the 12 redshift bins in the range 0 < z ≤ 1.2 by using the binned rms scatter σ bin of the Simulated DES Hybrid 10-field Survey reported in the third column of Table 14 of [43] .
The basic approach is then as above: We fix again a fiducial cosmology with the same parameters as in the previous section (WMAP7+LRG) and sample again the parameter space describing the inhomogeneities in separate redshift bins 0.1(i − 1) < z b ≤ 0.1i using Eq. (2) as likelihood. For each inhomogeneity, we then fit the parameterized model to the computed luminosity distance- redshift relation in the inhomogeneity and determine the best-fit parameters θ * i by minimizing the following χ 2 :
where z j = 0.05 + 0.1j, m hom and m inh are the distance moduli of the homogeneous ΛCDM model and of the inhomogeneous model, respectively (with the latter playing the role of mock data in our context), and we marginalize analytically the likelihood ∝ e −χ 2 /2 over an unknown offset (and therefore over the Hubble constant). This time we can optionally also vary Ω k and Ω m as the parameterized model breaks the degeneracies. Note that since we only consider the best-fit parameters, this analysis is insensitive to the absolute magnitude of the error bars σ 2 bin (z j ). The best-fit parameters remain the same in the limiting case of infinitely many SNe. The error bars σ 2 bin (z j ) have the purpose of imposing a natural redshift distribution.
In Fig. 3 we show the dispersion induced by all structure up to a redshift z b ≤ 0.5 on the fit parameters {Ω m , w 0 , w a } when the observer assumes that Ω k = 0. When going to larger redshifts, the modelled effect goes down as σ L decreases for large L (see Fig. 2 ). If one considers a very large L, then all structure up to that L is smoothed over the entire distance L. We wish to consider local structure at the observer, which would appear as absent when one smoothes over too large L. Therefore we should limit the search to small redshifts. For the same reason, taking an average over different redshifts is only meaningful if the effect does not vary much. Hence it is safe to consider the average variance induced by structures up to z b = 0.5. Moreover, for redshifts larger than z b = 0.5, other contributions such as lensing start to become important. We therefore compute the expected variance for such structures by combining the MCMC chains for the size bins up to z b = 0.5. We list in Table 1 Table 1 gives the corresponding values when one averages the effect of these structures.
spectrum and of unknown density, add an extra uncertainty to these parameters. Unless a measurement of the monopole of local perturbations becomes possible in the future, we can never measure these parameters at a higher accuracy then the listed variances. Regarding the FLRW model where {Ω m , w 0 , w a } were left free, we observe that -based on these results -an experiment like DES can never determine w 0 to a precision better than 2.5%, and w a better than 18%. The Figure of Merit is defined as FoM= 1/A where A is the area bounded by the 95% c.l. contour on the {w 0 , w a } plane, marginalized over Ω m . The covariance matrix for {w 0 , w a } (which is the inverse of the Fisher matrix) for this intrinsic noise on the darkenergy equation of state is:
where σ w0 and σ wa are given in the last column of 
Conclusions
We have estimated in a conservative way the intrinsic uncertainty in the reconstruction of the dark-energy equation of state by means of distance measurements. Although this appears naively like a noise that could be averaged out, we observe only one universe, and so this uncertainty will show up as a bias in distance measurements. This phenomenon is usually referred to as cosmic variance, and can impact also other observables such as the local Hubble constant [21] . We propose that the scientific community use the results of this paper so as to include this extra, systematic source of error in their analysis. In particular, we give the covariance matrix C min for the linear model w(a) = w 0 + (1 − a)w a used for the DETF FoM, which can be easily convolved with any other posterior distribution constraining the parameters w 0 and w a . Since the large-scale structure limits strongly the power of distance measurements as a probe of the nature of the dark energy and of the curvature of the universe, one may need to use data e.g. from galaxy surveys, weak lensing measurements or from the integrated Sachs-Wolfe effect to reduce its impact at least partially.
In Ref. [11] , it was proposed to exclude sources at redshifts lower than z = 0.035 rather than the usual z = 0.02 in cosmological analyses, in order to minimize the effect of our local universe on the inference of the Dark-Energy density. Here we find that for the time dependence of Dark Energy, a cutoff of an order of magnitude larger is still not sufficient, and hence our ignorance should be included in the error budget.
This analysis can be extended in a number of ways. For example, one may model the local inhomogeneity using non-spherically symmetric and noncompensated density profiles. Even more important would be the inclusion of non-local structures like superclusters and filaments which may increase the noise through lensing. According to results from second-order perturbation theory [19, 20] there is a scatter of about σ µ ≈ 0.02 or more in the luminosity distance even for z > 0.4 which can lead to a percent-level variation for w also at high redshifts.
